Calculus I - MAC 2311 - Section 001

Homework 2 - Solutions

Ex 1. (24 points) Differentiate with respect to the indicated variable. If k appears in the
function, treat it as a constant. Before starting computing your derivative, think if it is
possible to simplify the function. Show all your work.
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Hence 2z — 5 cos(x) is the derivative of %Sm(z) for all = # 0 (note that since the
x3+5x sin(x)

function is not defined at 0, it is not differentiable at 0).
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e) — = 0, since is a constant.
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h) dilﬁ [k: cos (\@) + 1} = kz% (cos <\/§>) + %(1) chain rule <_ Sin(\@) dile(\/@) +0=
= —ksin(VB) - 103 = " n(v) 0%,
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i) dx [e } - ¢ %(2 cos(z)) = e - (—2sin(z)) = —2e sin(z).

j) . [tan(sin(ma))] chain rule 1 sec?(sin(ra)) - . (sin(ra)) chain rule 2

= sec?(sin(ma)) - cos(ma) - T (ra) = sec?(sin(mwa)) - cos(war) - m = 7sec? (sin(ma)) - cos(mav).
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k) Tn [e } = [tan(x)] = sec”(z).



Note that the cancellation equation e™®) = g is true for all z > 0. Thus, if we want

to be precise, we should point out that the simplification e(tan(x)) — tan(z) is true
when tan(z) > 0. As a consequence sec?(z) is the derivative of ™)) for all z
such that tan(x) > 0 (note again that since the function e™t"(*)) is not defined
when tan(x) <0, it is not differentiable at those points).

% [ln (e\/ﬁet)} In(e?)=2 % [\/Eet] _ \/E% () = Vet

In this case there are no problems since the cancellation equation In(e*) = z is true
for all z in R.

VY | —

Ex 2. (10+10 points) Consider the lemniscate curve given by the following equation:

2)
b)

2zt + 4a?y? + 2y* = 2522 — 2592

Use implicit differentiation to find 3’ (i.e. %).

Find an equation of the tangent line to the above curve at the point (3,1).

Solution:

a)

We take the derivative of each side of the equation of the curve with respect to x
(recall to treat y as a function of =), and apply the rules of differentiation:

d d
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Now we have an ordinary linear equation where the unknown we want to solve for

d
is d—y From the last step we obtain:
x

dy
dx

d d
+88 Y 50y Y — 505 — 823 — 8ay?
dx dx

4
d
(8z%y + 8y 4 50y) - ﬁ = 50z — 8z — 8xy?

82y -

which implies
dy  50x — 83 — 8xy?
dr — 8x2y + 8y3 + 50y

If P(x,y) is a point on the lemniscate we have that the slope of the tangent line to
the curve at P(zx,y) is given by:

dy 50z — 83 — 8xy?

dr  8x2y+ 8y3 + 50y

Hence, for the point (3, 1), by substituting z = 3 and y = 1 in the previous formula,
we get:

dy 50-3-8.3%-8-3-12 150—216—24 —90 9

dr~ 8-32-1+8-13+50-1  72+8+50 130 13

We deduce that an equation of the tangent line to the lemniscate at the point (3, 1)
is

9
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Ex 3. (5+5+5+5 points)

Yy
y = g(x)
20
y= f(z)
1
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Let f and g be the functions whose graphs are shown above and let

hz) = f(z) +g(x),  u(@)=fl2)g(x), o)== w@)=[flg(z))

Compute h'(2), v/(2), v'(2) and w'(2), without finding explicit formula for f(z) and
g(z).

Solution:

By using the differentiation rules (respectively sum, product, quotient and chain rule)
we have:

W(w) = /(@) +9 (@)

/() = f'(2)g(w) + f(@)g(@);

o) L @ote) ~ F()g' (@),
(9(x))?

Hence, in order to compute h’( ), v'(2), v'(2) and w'(2), we need before to find the
values for £(2), g(2), £/(2), ¢'(2), F/(9(2))-

e Easily from the graphs of f and g we get that f(2) =0 and ¢(2) = —2.

e For computing f/(2) (respectively ¢’(2)) we need to find the slope of the tangent line
to the graph y = f(x) (respectively y = g(x)) at the point (2, f(2)) (respectively
(2,9(2))).

In the first case, the graph y = f(z) is a line, which is tangent to itself at each
point. Thus, we can compute its slope by using the coordinates of two of its points,
for example (2,0) and (0, —2), and we have:
) 20
fe) ="y =

In the second case, the tangent line to y = g(x) at (2,¢(2)) is horizontal (parallel

to the z-axis), so that its slope is 0. This means that

g (2) = 0.

e Finally we have:
f'(9(2) = f(-2)=0
since the tangent line to y = f(x) at (-2, f(—2)) is again horizontal.

We are now ready for computing h'(2), v/(2), v/(2) and w'(2):
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Ex 4. (20 points) It is the Sunday before the second test. The calculus student of HW1, who
was disappointed by his experience on Floridian mountains, decides this time to have
a productive study break at Clearwater beach. After filling a bucket with dry sand, he
starts pouring the sand on the ground at a steady rate of 5 cm®/s. He notices that,
at each time, the sand forms a conical pile whose height is always equal to half of the
diameter of its base. How fast is the radius of the conical pile increasing when the height
is 10 cm?

(You can find a suitable formula for the volume in the “Geometry” section of Reference Page
1 at the end of your textbook.)

Solution:

¢ Step 1: Understand the problem - Draw a picture - Find and name the quantities which
are related.

At a given time ¢ let:

e V(t): the volume of the cone of sand (equal to the volume of sand that has fallen from the
bucket);

e 7(t): the radius of the cone of sand;

e h(t): the height of the cone of sand.

¢ Step 2: Write what you know and what you wish to find!

av
¢ Known: e 5 Csré‘: and h(t) = r(t) fot all ¢.

e Unknown: d—; when h(t) = 10 cm.

¢ Step 3: Find how the quantities are related (i.e. find a suitable equation which relates the
quantities).

At each time t the quantities V(t), h(t) and r(t) are related by the equation given by the
formula of the volume of a cone:

V()= 5r2(Oh(t)
Yr(t) = h(t)
V(t) = gr?’(t)

¢ Step 4: Differentiate the above equation (so that the related quantities will give you the related

rates).
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av. w4 dr
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¢ Step 5: Solve for the unknown quantity and replace the known data (with unit of measures).

From the last equation we get:

dr 1 dv

At~ wr2(t) dt

By replacing in the previous equation all the known data (note that when h(t) = 10 cm then
also r(t) = 10 cm, since radius and height of the cone are the same at each time) we get:

dr 1 dv 1 cm? 5 cm? 1 cm

dt — wr2(t) dt ~ w(10cm)? ~ sec w100 cmZsec w20 sec’

_— oz De———————

Ex 5. (5+5+5+5 points) Which statements are True/False? Justify your answers.
a) If f(z) = 2***®) then f'(x) = tan(z) - ztar(@)-1,
False. The function f(z) = zt1(®) is not a power function, so we can not apply the power
rule. We can compute the derivative in two different ways:

* I method : Logarithmic differentiation

— xtan(r)

In(y) =In (xm“(“’)) = tan(z) In(x)

d
o [tan(z) In(z)]
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=
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1 dy 5 tan(z)

S A 1

T sec”(x) In(z) + .
dy =y (sec2 () In(z) +

dzx

Ay _ tan(a) 2 tan(x)
piak sec”(z) In(z) + . .

+ IT method

By using the identity e*(®) = z, we can rewrite the function in the following way:

f(x) = xtan(a:) — elﬂ(wtan(z)) _ etan(;v) ln(a:).



Hence we have:

( tan(z) ln(ar:))

= tn@ @) (tan(z)In () =
= etan(x) ln(x) (SGCQ (.’I;) ln(x) + tan(x)) -

T

_ ptan(@) (Sec2(:r) In(z) + 22(@) ) .

b) If f(z) = sin(z) then f(0) = 0.

False. We have f'(z) = cos(z), f"(z) = (f'(z)) = (cos
(f"(x)) = (—sin(x)) = —cos(x) so that f”(0) = —cos(0) = —

T

(@) = =sinfe) and () =

c) If the graph of a physical quantity F as function of time is a line, then the rate of change

of F with respect to time is constant.

True. Indeed, at each time ¢ the (instantaneous) rate of change of F' with respect to time
is nothing else than the slope of the tangent line to the graph of F(t) at the point (¢, F'(¢)).
Now if the graph of F(t) is a line, which is the tangent line to itself at each point, then the
rate of change is given by the slope of this line and it is therefore constant.

d) If f(x) = e**2, then f~1(e?) = {0}.

True. Recall that f~!(e?) is the set of numbers x such that f(z) = e2. First we note that
0 belongs to f~1(e?), since f(0) = 2. Moreover, since the function f(z) is one-to one (it

is a horizontal shift of the function e®

, which is one-to one), the number 0 can be the only

element in f~1(e?), otherwise the function f(x) would not pass the horizontal line test.



